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Abstract
We compute the dispersion relations for neutrinos propagating in an elec-
troweak plasma, in the presence of very strong magnetic elds. The neutrino
self-energy is calculated in the one-loop approximation. We consider only con-
tributions of the rst Landau level to the propagator of the W -bosons, and
distinguish between motion parallel or perpendicular to the external magnetic
eld. We nd that the neutrino soup just below the phase transition at the
maximal eld value B  M2W =e exhibits spontaneous symmetry breakdown
of translational invariance, i.e. superfluidity. Our results seem to validate the
idea that the early universe is theoretically similar to the fractional quantum
Hall eect.
I. INTRODUCTION
The present paper addresses the dispersion equation of massless neutral fermions, inter-
acting with charged fermions and massive vector bosons, propagating in a medium at nite
temperature and density, and in presence of an extremely strong magnetic eld.
The propagation of neutrinos in an electroweak plasma has been studied and the dis-
persion equation for the quasiparticles obtained [1{3]. The spectrum found exhibits, in
some extreme situations, spontaneous breakdown of translational invariance: neutrinos in
the primeval soup may have been superfluid! In the present paper we consider the role of
extremely strong magnetic elds as a possible mechanism for generating an eective neutrino
mass. We nd superfluidity for the neutrinos provided the magnetic eld is very strong.
The propagation of neutrinos in magnetized media, assuming no dependence of the W -
propagator on the magnetic eld, requires the computation of two types of diagrams (bubble
and tadpole) [9]. We prefer to work with the eective action rather than with the full
partition function. Thus, in the evaluation of the propagator, whose zeros give the dispersion
equation, the tadpole diagrams do not appear. The tadpole diagram is reducible and does
not contribute in the eective action to the two-point function.
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For strong enough magnetic elds, a gas of charged bosons undergoes Bose-Einstein
condensation [5]. This suggests that it is the ground state of the bosons which play the
main role. In our calculation we will take into account only the part of the W propagator
which contains the ground state energy [4]. When the momentum is small and the magnetic
eld is high eB  M2W , so that the term 1=
q
M2W − eB dominates, the main contribution
to the propagator comes from the low momentum gauge bosons (W -condensate) [4,5].
The expressions we derive for the neutrino dispersion equation are valid for strong elds,
close to the limiting value M2W=e. Such elds may have existed only in the early universe,
in which case the observed galactic and intergalactic magnetic elds are viewed as relics
of huge primordial elds [10]- [14]. However, on a more general basis, our results apply to
any massless fermions interacting with vector bosons of mass M in strong magnetic elds
eB M2.
The rst part of this paper (section 2) presents some general expressions of Green func-
tions in a magnetized medium, which will be used subsequently. In section 3, we nd the
mass operator in the limit of high magnetic eld, after performing the sum over p4. These
results are very general and apply equally well to the limiting cases of high temperature
and high density. In section 4, we analyze the limit T ! 0, corresponding to a degenerate
fermion gas (large fermion density). We also consider the role of W -boson condensation. In
section 5, the dispersion equations are discussed. We analyze two cases of neutrino prop-
agation, parallel and perpendicular to the magnetic eld. For parallel motion, an eective
mass results only in the sense of limk3!0 ! 6= 0. When the motion is perpendicular to the
magnetic eld, a minimum appears in the dispersion equation at non-zero momentum and
it is possible to dene an eective mass in the more traditional sense a local minimum of
the dispersion relation.
Our results depend linearly on the magnetic eld and, in a degenerate case, also linearly
on the chemical potential . Other studies of the mass operator in QED in presence of a
magnetic eld [3] analyze dierent limits: high temperature, high density, and high magnetic
eld. The rst two show similar dispersion equations [8] if one substitutes M = e2T 2=8 with
M = e22=(82).
II. NEUTRINO SELF-ENERGY: GENERAL EXPRESSIONS






where k = k − i4;, and PR = (1 + γ5)=2 and PL = (1− γ5)=2 are the left- and right-
handed projection operators. Note that, in equation (1), the self-energy of the Z-boson does
not contribute because it does not interact with the magnetic eld.
The expression for the self-energy W is the following, in conguration space:






It represents the self-energy due to electron-W polarization.
In Euclidean space and in the gauge A = (0; Bx; 0; 0), the propagator of the electron is
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 is the eld tensor of the SU(2)xU(1) electromagnetic
external eld).







W − eB; (5)









where n = 0; 1; 2; : : : with degeneracy n = 3− 0n. The ground state energy (5) is unstable


















It converges only for eB < M2W , i.e. the vacuum becomes unstable for eB M
2
W .
We are interested in the Fourier transform of (2). It requires rather long calculations
involving the Fourier transform for two Hermite functions, which lead to functions of gen-
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and  is a 4 4 matrix whose elements are the following (12 = 21 = 34 = 43 = 0):
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and Lm−nm are the Laguerre polynomials.
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III. NEUTRINO SELF-ENERGY IN THE HIGH MAGNETIC FIELD LIMIT
Let us now consider the limit of an extremely strong magnetic eld (eB close to, but
smaller than, M2W ). The W propagator is dominated by the Landau ground state term
(n = 0), which means we keep in (4) only terms proportional to R−.
Furthermore, the condition eB > 2 − m2 implies that the only electron state which
contributes to the mass operator is n0 = 0. The sum
P1
n0=0 can be approximated to
Pn
n0=0,
where n is the integer part of (
2 −m2)=2eB, which is zero whenever 2 < eB, i.e., for
most cases of interest. Hence, we concentrate on the case when both electron and W -boson
are in the Landau ground state, and their quantum numbers are n = n0 = 0.
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After performing in (9) the sum over p4 and taking the analytic continuation (k

4 ! iko)
we get a function of the new variable ko −  . The singularities in this variable lead to the
gauge-invariant, physically relevant spectrum. We have
−i(k4 − i) = (ko − ) = ! + iΓ
where ! is the energy and Γ the inverse lifetime of the neutrino quasiparticles.
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Q = (Jno − 2p3k3)
2 − 4!2E2e
Q0 = (J 0no − 2p3k3)
2 − 4!2E2W
and








In the above formulae Ee =
q




W − eB) are the
Landau ground state energies of the electron and the W -boson, respectively, whereas ne, np,
nW− and nW+ are the distribution functions of the particles (electrons, positrons, W
− and
W+) in our plasma.
The mass operator given by the expressions (8) is general and holds also in the high
temperature and high density limits. The branch points in the denominators Q and Q0 can
be identied as thresholds for neutrino absorption in the plasma. We postpone a careful
study of the analytic properties of the mass operator and their implications for the dispersion
equation to future work.
IV. DEGENERATE CASE
In this section we consider the case of degenerate electrons (formally equivalent to the
limit T ! 0). Our results are of interest in the early universe, when it there might have
been magnetic elds eB  M2W (10
22 gauss). In the degenerate case, the distribution of
the electrons is just a step function, ne = (e − Ee), and there are no positrons left,
np = 0. Charge neutrality is ensured thanks to some W
+ background. From the behavior of
the distributions of W [4,5] it has been argued that W -condensation in the presence of a




(NW is the total density of W -particles in the medium), and for the excited
states nW+ = 0.
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Before solving the dispersion equation, note that we work far from the thresholds for
neutrino absorption. In order to get the dispersion equation we must solve
det(−iγk + 











2k3(k3 − 13) + k
2
? − 2!
2 − !(11 − 33)
i
= 0 ; (17)
Let us remark that the limit eB ! 0 does not mean that W = 0. The dispersion
equation (17), when k3 ! 0 k? ! 0, leads to a value for ! dierent from zero; this value
corresponds to a sort of \eective mass" [1] proportional to eBe=d
2. This means that, for
xed electron density, if the magnetic eld grows up to near M2W=e the\eective mass" grows
too. As pointed out before, the vacuum is unstable for eB  M2W . We shall show below
that when the motion is perpendicular to the magnetic eld, the\eective mass" becomes
a mass in strict sense, since it is also a minimum of the dispersion curve: in formulas,
@!=@k?jk?=0 = 0 and @
2!=@k2?jk?=0 > 0.
Since we are considering the degenerate case, the contribution of terms containing the
W -boson distribution function can be safely neglected: for huge magnetic elds, NW 
C << eB, (C is the W -condensate), whence only I1 and I3 contribute in (17).
In order to solve numerically equation (17), we distinguish two cases: motion parallel to
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2 + k2?)(2merI1! + 2rk3I3) + (k
2
3 − !
2)(r2I23 −merI1) = 0; (18)
where r = eBe.
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A. Motion parallel to magnetic eld














Figure (1) shows the neutrino dispersion curves in this case, having xed  = 100 me and
eB = 0:9M2W . It has two branches. One of them corresponds to the light cone. The second
one arises due to the magnetic eld and the nite density. The non-zero intercept at k3 = 0
is a sort of \eective mass" (for our typical values it is approximately 0:92 me). Besides,
the curve has a gap (0:68 me).
Interestingly, the curve shows a close analogy to the collective excitations arising in the
fractional quantized Hall eect. In paper [15], a theory of the excitation spectrum in the
fractional Hall eect analogous to Feynman’s theory for the excitation spectrum of superfluid
helium was proposed. A magneto-roton minimum for the collective excitation spectrum was
found, which has a remarkable analogy with the minimum obtained in the present case,
when the neutrino propagates parallel to the magnetic eld.
It is possible to interpret the gap of the quasiparticle spectrum as the symptom of a
superfluid behavior. A similar interpretation has been done in the case of the dispersion of
neutrinos in a hot medium without magnetic eld.
B. Motion perpendicular to the magnetic eld
When the neutrino moves perpendicularly to the eld, we get the following expression
for the dispersion equation
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2) = 0: (20)
The numerical solution also yields two branches (gure 2); one of them gives the same
\eective mass" as in the parallel case. This is a mass in the proper sense since it is the
minimum of the dispersion equation.
In spite of the same value for the eective mass, the dispersion curves at zero momentum
have dierent slopes for motion paralell and normal to the eld. The behavior of both curves
is quite dierent in both cases. This conclusion is to be expected since the magnetic eld
produces an anisotropy in the system and the motion in these two directions have dierent
physical properties.
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VII. APPENDIX
We present here the result of the calculation of Ii far from the thresholds. Taking into
account the condition
k23 − !












k23 − !2 + d2
− !I1;
I3 = I5 − !I1;
I4 =
NW




k23 − !2 + d2
;
I6 = 0: (21)
9
REFERENCES
[1] A. Perez Martnez, H. Perez Rojas, A. Zepeda, Int. Mod. Phys. A11 (1996) 5093.
[2] A. Perez Martnez, H. Perez Rojas, A. Zepeda Phys. Lett. B366 (1996) 235.
[3] P. Elmsfors D. Persson B.S.Skagertam, Astropart. Phys. 2 (1994) 299.
[4] H. Perez Rojas, Acta Phys. Pol. B (1986) 861.
[5] H.Perez Rojas, Phys. Lett. B379 (1996) 148.
[6] H. Perez Rojas, A. Shabad, Ann. Phys. 138 (1982) 1.
[7] E. Brateen, D. Segel, Phys. Rev. D48 (1993) 1478.
[8] E. Petitgirard, Z. Phys. C54 (1992) 673.
[9] P.Elmfors, D.Grasso, G.Raelt, CERN-TH/96-88.
[10] A. Kosowsky and Loeb, astro-ph/9602055.
[11] P.P.Kronberg, Rep.Prog. Phys. 57 (1994) 325.
[12] G.Baym, D.Boderker and L.Mac Lerran, Phys. Rev D53 (1996).
[13] D.Grasso, H.Rubinstein, astro-ph/9602055
[14] N.Hata et. al, Phys. Rev Lett 75 (1995) 3977.







0 1 2 3 4 5 6
!=me
k3=me







0 1 2 3 4 5
!=me
k?=me
Fig 2. Curve of propagation of neutrino normal to the magnetic eld
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